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1 Introduction
The study of the strong law of large numbers (SLLN) for compact-valued random
sets was started by Artstein and Vitale [2], with their seminal 1975 paper. Ever
since, significant extensions and developments have been obtained by several au-
thors, including Puri and Ralescu [19, 20], Cressie [6], Hess [8, 9], Artstein and
Hansen [1], Hiai [10], Tera´n and Molchanov [23]. A systematic presentation of the
status of the theory and the multivalued analysis prerequisites can be found in
the monographs of Molchanov [16], Hu and Papageorgiou [12] and Castaing and
Valadier [5].
In the SLLN for compact-valued random sets, it is somehow natural to inves-
tigate convergence in the sense of the Pompeiu-Hausdorff metric h. This type of
convergence does not seem to be appropriate for random sets which are merely
bounded and closed-valued and thus, in this case, the SLLN has been studied by
using weaker modes of convergence, like Wijsman’s convergence [24] or Mosco’s
convergence [17, 4].
In the present paper we consider a SLLN for random sets with bounded and
closed values contained in an arbitrary (not necessarily separable) Banach space
and, in this context, we shall use a notion of convergence, namely Fisher’s conver-
gence, which is stronger than Wijsman’s convergence but in general not comparable
with Mosco’s convergence.
More precisely, denote by E an arbitrary real Banach space and by CpEq (resp.
CcpEq) the space of all nonempty bounded closed (resp. nonempty bounded closed
and convex) subsets of E endowed with the Pompeiu-Hausdorff metric h. Let
pΩ,A , P q be a complete probability space without atoms and let U be a closed
and separable subset of CpEq. Let tXnu
 8
n1 be a sequence of independent identi-
cally distributed (i.i.d.) random sets Xn : Ω Ñ U. If, in addition, for ω P Ω
almost surely (a.s.) the sequence tXnpωqu
 8
n1 is compact in CpEq, then it is shown
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(Theorem 6.2) that
X1pωq       Xnpωq
n
F
ÝÑ C a.s. on Ω. (1.1)
Here the convergence is in the sense of Fisher, and C P CcpEq is the expectation
of X1. Moreover, if C is compact, the convergence in (1.1) is in the Pompeiu-
Hausdorff metric h.
To prove the above result, we first consider the corresponding sequence of ran-
dom sets tcoXnu
 8
n1 and, using the R˚adstr:om’s embedding theorem, we show (The-
orem 6.1) that
coX1pωq        coXnpωq
n
h
ÝÑ C a.s. on Ω,
where the convergence is in the Pompeiu-Hausdorff metric h. Hence, a fortiori,
coX1pωq        coXnpωq
n
F
ÝÑ C a.s. on Ω, (1.2)
From this, by virtue of a convexification in the limit result (Theorem 4.1), it follows
that
X1pωq       Xnpωq
n
F
ÝÑ C a.s. on Ω, (1.3)
and thus (1.1) is valid.
We observe that the precompactness of tXnpωqu
 8
n1 in CpEq is actually required
in order to deduce (1.3) from (1.2). Furthermore, it is worth noting that the
separability of U in CpEq does not imply that the set U  YtX | X P Uu be
separable in E and, similarly, the compactness of the sequence tXnpωqu
 8
n1 does
not imply that the set V  YtXnpωq | n P Nu be precompact in E. To see this it
suffices to consider U  tBu and Xnpωq  B for each n P N, where B is the closed
unit ball of an infinite dimensional non-separable Banach space.
The present paper is organized into six sections, including the Introduction.
Section 2 contains notations and preliminaries. In Section 3 we review some ele-
mentary properties of various notions of convergence in spaces of sets. In Sections
4 we establish a convexification in the limit result for Fisher convergent sequences
of sets in CpEq. In Section 5 we introduce a notion of expectation for random sets
with values in CpEq, where the underlying Banach space E is not necessarily sepa-
rable. Finally in Section 6 we present two versions of the SLLN, with Fisher-type
convergence, for i.i.d. random sets with values in CcpEq and CpEq respectively.
2 Notation and preliminaries
Let M be a metric space with distance dM . For Z  M , we denote by BM pa, rq
and BM ra, rs an open and a closed ball in M with centre a and radius r. For any
Z M , Z stands for the closure of Z in M . If a PM and Z is a nonempty subset
of M , we set dM pa, Zq  inftdM pa, zq | z P Zu. The Pompeiu-Hausdorff distance
hM pX,Y q between two nonempty bounded sets X,Y M is defined by
hM pX,Y q  maxteM pX,Y q, eM pY,Xqu
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where eM pX,Y q  suptdM px, Y q | x P Xu and eM pY,Xq  suptdM py,Xq | y P Y u.
Throughout the present paper E is a real Banach space with norm }  }. The
open (resp. closed) unit ball with centre at the origin of E are denoted by BE (resp.
BE). Moreover coX and coX stand for the convex hull and the closed convex hull
of a set X  E. For any nonempty sets X,Y  E and λ ¥ 0 the sum X   Y and
the product λX are given by
X   Y  tx  y | x P X, y P Y u, λX  tλX | x P Xu.
We define
BpEq  tX  E | X is nonempty boundedu
CpEq  tX  E | X is nonempty closed boundedu
CcpEq  tX  E | X is nonempty closed convex boundedu.
It is worth noting that in each of the above spaces the Pompeiu-Hausdorff distance
hEpX,Y q between two sets X,Y is given, equivalently, by
hEpX,Y q  inf
r¡0
tX  Y   rB, Y  X   rBu.
The spaces CpEq and CcpEq are equipped with the Pompeiu-Hausdorff distance hE,
under which each one of them is a complete metric space. On the other hand, hE is
a pseudometric on BpEq since hEpX,Y q  0, where X,Y P BpEq, does not imply
X  Y . For X P BpEq we set }X}  supt}x} | x P Xu.
For a sequence tXnu
 8
n1  BpEq and X P BpEq we shall consider the following
notions of convergence.
Definition 2.1. The sequence tXnu
 8
n1 is said to converge to X in the sense of
Pompeiu-Hausdorff (we write Xn
h
ÝÑ X) if limnÑ 8 hpXn, Xq  0.
Definition 2.2. The sequence tXnu
 8
n1 is said to converge to X in the sense of
Fisher (we write Xn
F
ÝÑ X) if
pa1q limnÑ 8 eEpXn, Xq  0
pa2q limnÑ 8 dEpz,Xnq  0 for every z P E.
Definition 2.3. The sequence tXnu
 8
n1 is said to converge to X in the sense of
Wijsman (we write Xn
W
ÝÑ X) if
lim
nÑ 8
dEpz,Xnq  dEpz,Xq for every z P X.
Remark 2.1. Let tXnu
 8
n1  BpEq and X P BpEq be given. If γ denotes any
one of the above modes of convergence, i.e., convergence in the sense of Pompeiu-
Hausdorff, Fisher or Wijsman, then we have
Xn
γ
ÝÑ X ðñ Xn
γ
ÝÑ X ðñ Xn
γ
ÝÑ X ðñ Xn
γ
ÝÑ X.
In what follows, when the role of the underlying metric space is evident and clar-
ity is not affected, we will drop subscripts and write d, e, h,Bpa, rq, B, . . . instead
of dE, eE, hE, BEpa, rq, BE, . . . .
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3 Auxiliary results
In this section we review a few elementary properties of convergent sequences of
sets which will be useful in what follows. Some of them could be easily deduced
from results contained in [4]. Yet, for the sake of completeness proofs are included.
Proposition 3.1. Let tXnu
 8
n1  CpEq and X P CpEq. Then Xn
W
ÝÑ X if and
only if:
(i) for each z P X, limnÑ 8 dpz,Xnq  0 (equivalently there exists a sequence
txnu
 8
n1  E, with xn P Xn, such that xn Ñ z as nÑ  8).
(ii) for each z R X, given 0   ǫ   dpz,Xq, there exists n0 P N such that
Xn XBpz, dpz,Xq  ǫq  H for all n ¥ n0.
Proof. Suppose that Xn
W
ÝÑ X . Then piq is obvious. Arguing by contradiction,
suppose that piiq is not valid. Then for some z R X there exist 0   ǫ   dpz,Xq
and a subsequence tXnku
 8
k1 such that Xnk XBpz, dpz,Xq  ǫq  H for all k P N.
Hence dpz,Xnkq   dpz,Xq ǫ for all k P N, a contradiction, as dpz,Xnq Ñ dpz,Xq
for nÑ  8.
Suppose that piq and piiq are satisfied. We want to show that, for every z P E
lim
nÑ 8
dpz,Xnq  dpz,Xq (3.1)
This is obvious if z P X , in view of piq. Let z R X and, arguing by contradic-
tion, suppose that (3.1) does not hold. Then there exist 0   ǫ   dpz,Xq and a
subsequence tXnku
 8
k1 for which one of the following is valid:
dpz,Xnkq ¤ dpz,Xq  ǫ for every k P N (3.2)
dpz,Xnkq ¥ dpz,Xq   ǫ for every k P N (3.3)
Consider (3.2). By virtue of piiq there exists n0 P N such that XnXBpz, dpz,Xq
ǫ{2q  H for all nk0 ¥ n0. Hence dpz,Xnq   dpz,Xq  ǫ{2 for every n ¥ n0 and
thus for some k0 P N with nk0 P N we have
dpz,Xnkq ¥ dpz,Xq  ǫ{2 for every k ¥ k0,
a contradiction to (3.2).
Consider (3.3). Clearly dpz,Xnkq ¡ dpz,Xq   ǫ{2 for every k P N and thus
Xnk XBpz, dpz,Xq   ǫ{2q  H for every k P N.
Now fix x P X so that }z  x}   dpz,Xq   ǫ{2. In view of piq there exists a
sequence txnu
 8
n1, with xn P Xn, such that xn Ñ x an n Ñ  8. Hence for n
large enough, say n ¥ n0, we have }z  xn}   dpz,Xq   ǫ{2 and thus, a fortiori,
dpz,Xnq   dpz,Xq   ǫ{2 for every n ¥ n0. Taking k0 P N so that nk0 ¥ n0, we
have that
dpz,Xnkq   dpz,Xq   ǫ{2 for every k P N,
a contradiction to (3.3). Consequently (3.1) holds thus completing the proof.
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Remark 3.1. In view of Proposition 3.1 we have that if a sequence tXnu
 8
n1 
CpEq converges in the sense of Wijsman to X P CpEq, then this limit is unique.
Proposition 3.2. Let tXnu
 8
n1  CpEq and let X  CpEq. Then
Xn
h
ÝÑ X ñ Xn
F
ÝÑ X ñ Xn
W
ÝÑ X.
Proof. Suppose thatXn
F
ÝÑ X . Then both conditions pa1q and pa2q of Definition 2.2
are trivially satisfied since, from the assumption, epXn, Xq Ñ 0 and epX,Xnq Ñ 0
as nÑ N. Hence Xn
F
ÝÑ X .
Suppose that Xn
F
ÝÑ X . To prove that Xn
W
ÝÑ X it suffices to show that
both conditions piq and piiq of Proposition 3.1 are satisfied. It is obvious that
piq holds. Arguing by contradiction, suppose that piiq does not. Then, for some
z R X and some 0   ǫ   dpz,Xq, there is a subsequence tXnku
 8
k1 such that
Xnk XBpz, dpz,Xq  ǫq  H for every k P N, and thus
dpz,Xnkq   dpz,Xq  ǫ for every k P N, (3.4)
As epXnk , Xq Ñ 0 for k Ñ  8, there exists k0 P N such that Xnk0  X   ǫB{2.
By the latter and (3.4) it follows that
dpz,Xq  ǫ{2 ¤ dpz,X   ǫB{2q ¤ dpz,Xnk0 q   dpz,Xq  ǫ,
a contradiction. Hence also piiq is valid and thus Xn
W
ÝÑ X thus completing the
proof.
Remark 3.2. The following examples show that the Pompeiu-Hausdorff conver-
gence is stronger than Fisher’s convergence and that the latter is in turn stronger
than Wijsman’s convergence.
Let H be a real infinite dimensional Hilbert space with inner product x, y and
induced norm }  }. Let S  tx P H | }x}  1u and B  tx P H | }x} ¤ 1u. Let us
show that for each 0   r   1 there exists an infinite sequence tenu  S such that
}en  em} ¥ r for all n,m P N,m  n. (3.5)
Let e1 P S. Evidently SzBpe1, rq  H and thus there exists an element e2 P S such
that }e2  e1} ¡ r. Observe that
SzpBpe1, rq YBpe2, rqq  H (3.6)
In the contrary case S  te1, e2u  rB  cote1, e2u  rB and thus B  cote1, e2u 
rB which, by R˚adstr:om cancellation law [21], implies that p1  rqB  cote1, e2u.
This is a contradiction, as H is infinite dimensional. Since (3.6) holds, there exists
an element, say e3 P S, such that }e3  e1} ¡ r and }e3  e2} ¡ r. Thus, by
induction, one can construct a sequence tenu
 8
n1  S satisfying (3.5).
Example 3.1. The sequence tXnu
 8
n1  CcpHq defined by Xn  cote1, . . . , enu,
with n P N, satisfies
Xn
F
ÝÑ X and Xn
h
Û X (3.7)
where X  coE and E  tenu
 8
n1.
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Clearly Xn  Xn 1  X , n P N, and hence epXn, Xq  0 for every n P N.
Moreover,
lim
nÑ 8
dpz,Xnq  0 for each z P X,
because, given ǫ ¡ 0, for some n0 P N we have dpz,Xn0q   ǫ and thus, a fortiori,
dpz,Xnq   ǫ for all n ¥ n0. Therefore Xn
F
ÝÑ X . On the other hand, if Xn
h
ÝÑ X
then, denoting by α the Kuratowski measure of noncompactness [14], we have
limnÑ 8 αpXnq  αpXq. As αpXq  0 for each n P N, it follows that αpXq  0,
i.e., X is compact. This impossible since, in view of (3.5), the sequence tenu
 8
n1 
X does not contain convergent subsequences. Consequently Xn
h
Û X .
Example 3.2. Let E  tenu
 8
n1  S be as in the previous example. Thus tenu
satisfies (3.5) for some 0   r   1. Fix 1   λ   2{
?
4 r2. Then the sequence
tXnu
 8
n1  CcpHq defined by Xn  cotλen, Bu, n P N, satisfies
Xn
W
ÝÑ B and Xn
F
Û B. (3.8)
Let us show that Xn
W
ÝÑ B. Set ρ 
?
λ2  1. Clearly
Bpλen, ρq XB  H for every n P N, (3.9)
since }λen  en}  λ 1   ρ. Moreover,
B rλei, ρs XB rλej , ρs  H for every i  j P N, (3.10)
because for arbitrary z P B rλei, ρs and z
1
P B rλej , ρs one has
}zz1}  }λpeiejq pzλeiqpz
1
λejq} ¥ λ}eiej}2ρ ¥ λr2
a
λ2  1 ¡ 0.
Furthermore, let us prove that for every en P E
y P SzB rλen, ρs ñ Xn  tx P H } xx y, yy ¤ 0u. (3.11)
Indeed, let y P S satisfy }y  λen} ¡ ρ. This implies that xλen, yy   1. Since for
each t P r0, 1s and z P B ,
xp1 tqλen   tz  y, yy  p1 tqxλen, yy   txz, yy  }y}
2
¤ p1 tq   t 1  0,
it follows that each point ofXn is contained in the half space tx P H | xxy, yy ¤ 0u,
and thus (3.11) is valid.
We are now ready to prove that for every z P H
lim
nÑ 8
dpz,Xnq  dpz,Bq. (3.12)
Let z P HzB be arbitrary (if z P B there is nothing to prove) and denote by y the
point at which the closed linear segment tz (0 ¤ t ¤ 1) meets S. In view of (3.10)
one (and only one) of the following cases occurs:
pjq y P B rλek, ρs for some ek P E (any such ek is unique by (3.10).
pjjq y R B rλen, ρs for every n P N.
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Consider pjq. Then by (3.10), y R B rλen, ρs for every n  k and hence by (3.11)
Xn  tx P H | xx y, yy ¤ 0u for every n  k.
The latter implies that dpz,Xnq ¥ }z  y} since y P Xn. As dpz,Bq  }z  y}, it
follows that
dpz,Xnq  dpz,Bq for every n  k,
and thus (3.12) holds.
Consider pjjq. Then by (3.11),
Xn  tx P H | xx y, yy ¤ 0u for every n P N
and as before one can show that (3.12) holds. Therefore Xn
W
ÝÑ B. On the other
hand Xn
F
Û B because, for each n P N, we have epXn, Bq  }λenen}  λ1 ¡ 0.
This completes the proof of (3.7).
Proposition 3.3. Let tXnu
 8
n1, tYnu
 8
n1  BpEq satisfy Xn
W
ÝÑ X and Yn
W
ÝÑ Y
for some X,Y P BpEq. Let tλnu
 8
n1, tµnu
 8
n1  r0, 8q be such that λn Ñ λ and
mn Ñ µ for some λ, µ ¥ 0. Then
λnXn   µnYn
F
ÝÑ λX   µY . (3.13)
Proof. Let ǫ ¡ 0 be arbitrary. From the assumption, there exists n0 P N such that
Xn  X   ǫB and Yn  Y   ǫB for every n ¥ n0. Then for all n large enough we
have
λnXn   µnYn  λnX   µnY   ǫpλn   µnqB  λX   µY   ǫpλ  µ  1qB
which shows that
lim
nÑ 8
epλnXn   µnYn, λX   µY q  0. (3.14)
Let z P λX   µY be arbitrary, thus z  λx   µy for some x P X and y P Y . As
Xn
F
ÝÑ X and Yn
F
ÝÑ Y , there exists two sequences txnu
 8
n1, tynu
 8
n1 with xn P Xn
and yn P Yn such that xn Ñ x and yn Ñ y as nÑ  8. Set zn  λnxn µnyn and
observe that zn P λnXn µnYn and zn Ñ z. Clearly dpz, λnXn µnYnq ¤ }z zn}
and thus
lim
nÑ 8
dpz, λnXn   µnYnq  0 for every z P X   Y. (3.15)
The statement (3.13) is an immediate consequence of (3.14), (3.15) and Remark
2.1. This completes the proof.
Proposition 3.4. Let tXnu
 8
n1, tYnu
 8
n1  CpEq and let X,Y  CpEq. Suppose
that Xn
W
ÝÑ X and Yn
W
ÝÑ Y as n Ñ  8 and hpXn, Ynq   r for every n P N,
r ¡ 0. Then, hpX,Y q ¤ r.
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Proof. Arguing by contradiction, suppose that for some θ ¡ 0, hpX,Y q ¡ r   θ
and to fix ideas let epX,Y q ¡ r   θ (the argument is similar if epY,Xq ¡ r   θ).
Fix an x P X satisfying
dpx, Y q ¡ r   θ. (3.16)
Now x P X and Xn
W
ÝÑ X , hence, by Proposition 3.1, there exists a sequence txnu,
with xn P Xn, such that xn Ñ x as nÑ  8. On the other hand, x R Y by (3.16)
and Yn
W
ÝÑ Y and thus, by Proposition 3.1, given 0   ǫ   θ{3 there exists n1 ¡ n0
such that
Yn XBpx, dpx, Y q  ǫq  H for every n ¥ n0. (3.17)
From (3.16), as xn Ñ x, it follows that there exists n1 ¥ n0 such that
dpxn, Y q ¡ r   θ for every n ¥ n1. (3.18)
Take n2 ¡ n1 such that }xnx} ¤ ǫ and |dpxnY q dpx, Y q|   ǫ for every n1 ¥ n2.
Hence
Bpxn, dpxn, Y q  3ǫq  Bpx, dpx, Y q  ǫq for every n ¥ n2,
and thus by (3.17)
Yn XBpxn, dpxn, Y q  3ǫq  H for every n ¥ n2. (3.19)
Now fix n ¥ n2. Then by virtue of (3.19) and (3.18) one has
dpxn, Ynq ¥ dpxn, Y q  3ǫ ¡ r   θ  3ǫ.
Since on the other hand dpxn, Ynq ¤ epXn, Ynq ¤ hpXn, Ynq   r, it follows that
r ¡ r   θ  3ǫ. This is a contradiction, for 0   ǫ   θ{3. Therefore hpX,Y q ¤ r,
which completes the proof.
Proposition 3.5. Let Z  CpEq be a nonempty compact set in the Pompeiu-
Hausdorff metric h of CpEq. Let tZnu
 8
n1  Z and let C P CcpEq be compact.
Then,
Zn
W
ÝÑ C ñ Zn
h
ÝÑ C.
Proof. It suffices to show that, given ǫ ¡ 0, there exist n1, n2 P N such that the
following properties pjq and pjjq are satisfied:
pjq C  Zn   ǫB for every n ¥ n
1
pjjq Zn  C   ǫB for every n ¥ n
2
Consider pjq. By hypothesis Zn
W
ÝÑ C and hence, by Proposition 3.1, for each
u P C there exist nu P N such that dpu, Znq   ǫ{2 for every n ¥ nu. Since
dpx, Znq ¤ }x  u}   dpu, Znq, it follows that dpx, Znq   ǫ for every x P Bpu, ǫ{2q
and n ¥ nu. Now, tBpu, ǫ{2quuPC is an open covering of C, a compact set, hence
it admits a finite subcovering, i.e., for some u1, . . . , ud P C we have
C  Bpu1,
ǫ
2
q Y    YBpud,
ǫ
2
q.
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Set n1  maxtnu1 , . . . , nudu. Since each x P C is in some ball Bpui, ǫ{2q, with
1 ¤ i ¤ d, we have dpx, Znq   ǫ for every n ¥ n
1. Consequently C  Zn   ǫB for
every n ¥ n1 and pjq holds.
Consider pjjq. Arguing by contradiction, suppose that pjjq does not hold. Then
there exists a subsequence tZnku
 8
k1 such that
Znk  C   ǫB for every k P N. (3.20)
As tZnku
 8
k1  Z, where Z  CpEq is compact in the Pompeiu-Hausdorff metric h
of CpEq, there exists a subsequence tZnkj u
 8
j1 and a set Z P Z such that Znkj
h
ÝÑ Z
as j Ñ  8. From this and (3.20) it follows that Z  C   pǫ{2qB and hence, for
some z P Z, we have dpz, Cq ¥ ǫ{2. Since z P Z and Znkj
h
ÝÑ Z, there exists j0 P N
such that
Znkj XBpz,
ǫ
8
q  H for all j ¥ j0. (3.21)
On the other hand, z R C and Znkj
W
ÝÑ C, and thus by Proposition 3.1 there exists
j1 P N such that
Znkj XBpz, dpz, Cq 
ǫ
4
q  H for all j ¥ j1. (3.22)
Let j  maxtj0, j1u. Then by (3.21) and (3.22)
dpz, Znkj q  
ǫ
8
and dpz, Znkj q ¥ dpz, Cq 
ǫ
4
,
which yields a contradiction since dpz, Cq ¥ ǫ{2. Hence also pjjq holds and this
completes the proof.
For Z a nonempty subset of CcpEq define
coZ  tY P CcpEq | Y 
n¸
i1
λiXi, where Xi P Z, λi P r0, 1s with
d¸
i1
λi  1, n P Nu.
Further, we denote by clCcpEqrcoZs the closure of coZ in the Pompeiu-Hausdorffmet-
ric of CcpEq. The set coZ is convex, i.e., Y1, Y2 P coZ implies that p1 λqY1   λY2 P
coZ for every λ P r0, 1s. Clearly the set clCcpEqrcoZs is also convex.
Proposition 3.6 ((Mazur’s Theorem)). Let Z be a nonempty compact subset of
CcpEq in the Pompeiu-Hausdorff metric of CcpEq. Then the set clCcpEqrcoZs is
compact and convex.
Proof. It suffices to show that clCcpEqrcoZs is compact. Let ǫ ¡ 0. By hypothesis
Z is compact and thus it admits a finite ǫ{2-net tA1, . . . , Apu  Z. Let ∆ 
tpα1, . . . , αpq P R
p
| αi P r0, 1s, α1        αp  1u. Define Φ : ∆Ñ CcpEq by
Φpα1, . . . , αpq 
p¸
i1
αiAi pα1, . . . , αpq P ∆,
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and set R  Φp∆q. Evidently R is compact and thus it admits a finite ǫ{2-net
tY1, . . . , Yqu  R. We want to show that tY1, . . . , Yqu is an ǫ-net of coZ. Indeed let
X P coZ be arbitrary, and thus
X 
n¸
i1
λiXi,
for some Xi P Z, λi P r0, 1s with λ1        λn  1. As tA1, . . . , Apu is an ǫ{2-net
of Z, one has that each Xi, 1 ¤ i ¤ n, is contained in some ball, say BpA
1
i, ǫ{2q,
for some A1i P tA1, . . . , Apu. Set
Y 
n¸
i1
λiA
1
i.
Clearly hpX,Y q   ǫ{2. Moreover, Y P R because for some αi P r0, 1s with α1  
     αp  1 we have
Y 
p¸
i1
αiAi.
Since tY1, . . . , Yqu is an ǫ{2-net of R and Y P R, it follows that Y P BpYj , ǫ{2q for
some 1 ¤ j ¤ q. Whence X P BpYj , ǫ{2q, for hpX,Yjq ¤ hpX,Y q hpY, Yjq   ǫ. As
X P coZ is arbitrary, we conclude that tY1, . . . , Yqu is an ǫ-net of coZ and hence also
for clCcpEqrcoZs. Hence clCcpEqrcoZs is totally bounded. Furthermore clCcpEqrcoZs
is complete since it is closed in CcpEq, a complete metric space. Consequently
clCcpEqrcoZs is compact, completing the proof.
4 Convexification in the limit results
In this section we prove some convexification in the limit results which turn out to
be useful for the proof of the SLLN for CpEq-valued random sets.
For any set D P CpEq and n P N we set
Drns 
ntimes
hkkkkkkikkkkkkj
D       D
n
Proposition 4.1. Let C P CpEq. Then
Crns
F
ÝÑ coC as nÑ  8 (4.1)
Proof. Denote by Q  the set of positive rationals ρ ¥ 0. Define
Q  tx P coC | x 
d¸
i1
ρixi, where xi P C, ρi P Q
 , with
d¸
i
ρi  1, d P Nu
and observe that Q P BpEq and Q  coC.
Indeed let z P Q be arbitrary. Then, for some x1, . . . , xd P C and p1, . . . , pd P N,
we have
z 
p1
p
x1       
pd
p
xd where p1        pd  p.
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Moreover
z P Crns, for every n P I  tp, 2p, . . . , kp, . . . u
because for each n P I, say n  kp, we have
z 
kp1x1        kpdxd
kp

kp1times
hkkkkkkikkkkkkj
x1        x1      
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd
kp
P
kptimes
hkkkkkkikkkkkkj
C        C
kp
 Crns.
Claim. There exists a sequence tcnu
 8
n1  E satisfying the following properties:
cn  z if n  kp for k  1, 2, . . . (4.2)
cn P Crns for every n ¥ p (4.3)
cn Ñ z as nÑ  8 (4.4)
Indeed fix c P C and define the sequence tcnu
 8
n1 as follows
cn 
$
'
'
&
'
'
'
%
z if n  kp, k P N
kp1times
hkkkkkkikkkkkkj
x1        x1   
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd  
jtimes
hkkkkkikkkkkj
c       c
kp j
if n  kp  j, k P N
j  1, . . . , p 1.
Clearly for every k P N and j  1, 2, . . . , p  1 we have ckp P Crkps and ckp j P
Crkp   js. It is evident that the sequence tcnu
 8
n1 satisfies (4.2) and (4.3). Fur-
thermore, for any k P N and j  1, 2, . . . , p 1, we have
ckp j  z 
kp1times
hkkkkkkikkkkkkj
x1        x1      
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd 
jtimes
hkkkkkikkkkkj
c       c
kp  j

kp1times
hkkkkkkikkkkkkj
x1        x1      
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd
kp

kp
kp  j
kp1times
hkkkkkkikkkkkkj
x1        x1      
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd
kp
 
j
n  j
c

kp1times
hkkkkkkikkkkkkj
x1        x1      
kpdtimes
hkkkkkkkikkkkkkkj
xd        xd
kp


kp
kp  j
 1


z  
j
kp  j
c
From the latter, letting k Ñ  8 it follows that ckp j Ñ z. This and (4.2)imply
that cn Ñ z as nÑ  8. Hence also (4.2) is satisfied and the Claim is proved.
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Now we are in position to complete the proof of Proposition 4.1. Evidently
epCrns, coCq  0, since Crns  coC for each n P N. Moreover, by the Claim
limnÑ 8 dpz, Crnsq  0. As z P Q is arbitrary, it follows that Crns
F
ÝÑ Q as
n Ñ  8. Hence Crns
F
ÝÑ Q, i.e., Crns
F
ÝÑ coC as n Ñ  8. Thus (4.1) is valid
and the proof is complete.
Theorem 4.1. Let Z  CpEq be a nonempty compact set in the Pompeiu-Hausdorff
metric h of CpEq. Let tXnu
 8
n1  Z and let C P CcpEq. Then
coX1        coXn
n
F
ÝÑ C as nÑ  8
implies
X1       Xn
n
F
ÝÑ C as nÑ  8. (4.5)
Proof. The statement is proved if we show:
(j) limnÑ 8 eppX1       Xnq{n,Cq  0
(jj) limnÑ 8 d pz, pX1       Xnq{nq  0 for each z P C.
The fact that pjq holds is obvious, since for each n P N
e

X1       Xn
n
,C


¤ e

coX1        coXn
n
,C


,
and the right hand side vanishes as nÑ  8.
Let us prove pjjq. Arguing by contradiction, suppose that pjjq does not hold.
Then for some z P C there exists θ ¡ 0 and a subsequence tpX1    Xnkq{nku
 8
k1
such that
d

z,
X1       Xnk
nk


¥ θ for every k P N. (4.6)
Let 0   ǫ   θ{8. Since Z is compact in CpEq, it admits a finite ǫ-net, say
tC1, C2, . . . , Cdu  Z, for some d P N. We now associate to the given sequence
tXnu
 8
n1  Z another sequence tC
1
nu
 8
n1 constructed with the following procedure.
Consider the ordered set of balls
tBpC1, ǫq, BpC2, ǫq, . . . , BpCd, ǫqu.
Then for any fixed n P N, denote by C 1n the centre of the ball BpCi, ǫq, where i is
the smallest index 1 ¤ i ¤ d such that Xn P BpCi, ǫq. Clearly hpC
1
n, Xnq   ǫ for
every n P N. Furthermore, we associate to tpX1       Xnkq{nku
 8
k1 the following
sequence:
"
C 11        C
1
nk
nk
*
 8
k1
. (4.7)
Claim 1. There exists a subsequence tpC 11        C
1
nkj
q{nkju
 8
j1 of (4.7) and
there is a set Γ P CcpEq given by Γ 
°d
i1 λicoCi, for some λ1, . . . , λd ¥ 0 with
λ1        λd  1, such that:
C 1
1
       C 1nkj
nkj
F
ÝÑ Γ as j Ñ  8 (4.8)
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and
coC 1
1
       coC 1nkj
nkj
h
ÝÑ Γ as j Ñ  8. (4.9)
Let us prove (4.8). In view of the definition of the sequence tC 1nu
 8
n1, for every
k P N there exists a partition of the set t1, 2, . . . , nku into d pairwise disjoint
sets P 1nk , P
2
nk
, . . . , P dnk consisting, respectively, of p
1
nk
, p2nk , . . . , p
d
nk
elements, where
0 ¤ pink ¤ nk for i  1, . . . , d and p
1
nk
       pdnk  nk, such that
C 1i  C1 for i P P
1
nk
, C 1i  C2 for i P P
2
nk
, . . . , C 1i  Cd for i P P
d
nk
.
Observe that pink  0 whenever P
i
nk
 H.
To fix ideas, suppose that pink ¥ 1 for i  1, . . . , d (if some p
i
nk
 0, the
argument is similar). We have
C 11        C
1
nk
nk

1
nk




p1nk
times
hkkkkkkkikkkkkkkj
C1        C1 
p2nk
times
hkkkkkkkikkkkkkkj
C2        C2      
pdnk
times
hkkkkkkkikkkkkkkj
Cd        Cd





1
nk






p1nk
p1nk
times
hkkkkkkkikkkkkkkj
C1        C1
p1nk
  p2nk
p2nk
times
hkkkkkkkikkkkkkkj
C2        C2
p2nk
       pdnk
pdnk
times
hkkkkkkkikkkkkkkj
Cd        Cd
pdnk







p1nk
nk
C1rp
1
nk
s  
p2nk
nk
C2rp
2
nk
s       
pdnk
nk
Cdrp
d
nk
s. (4.10)
For each fixed i  1, . . . , d the sequence tpinku
 8
k1 is non-decreasing, i.e., p
i
nk
¤
pink 1 for every k P N. Consider the sequence
#
p1nk
nk
,
p2nk
nk
, . . . ,
pdnk
nk
+
 8
k1
. (4.11)
Evidently, pp1nk{nk , p
2
nk
{nk , . . . , p
d
nk
{nkq P ∆ for every k P N, where
∆  tpλ1, . . . , λdq|λi ¥ 0, i  0, . . . , d and λ1        λd  1u,
and thus the sequence (4.11) contains a subsequence
#
p1nkj
nkj
,
p2nkj
nkj
, . . . ,
pdnkj
nkj
+
 8
j1
.
which converges to a limit pλ1, . . . , λdq P ∆ as j Ñ  8. For each fixed 1 ¤ i ¤ d,
if pinkj
Ñ  8 as j Ñ  8, then by Propositions 4.1 and 3.3,
pinkj
nkj
Cirpinkj
s
F
ÝÑ λicoCi as j Ñ  8. (4.12)
13
It is evident that the latter limit remains valid also when tpinkj
u
 8
j1 is bounded for,
in this case, λi  0. Set Γ 
°d
i0 λicoCi. From (4.10), by virtue of (4.12) and
Proposition 3.3, it follows that
C 1
1
       C 1nkj
nkj
F
ÝÑ Γ as j Ñ  8
and thus (4.8) holds. Concerning (4.9), it suffices to observe that
coC 11        coC
1
nkj
nkj


1
nkj




p1nkj
times
hkkkkkkkkkkikkkkkkkkkkj
coC1        coC1 
p2nkj
times
hkkkkkkkkkkikkkkkkkkkkj
coC2        coC2      
pdnkj
times
hkkkkkkkkkkikkkkkkkkkkj
coCd        coCd





p1nkj
nkj
coC1  
p2nkj
nkj
coC2       
pdnkj
nkj
coCd,
from which (4.9) follows at once, by letting j Ñ  8. Thus Claim 1 is valid.
Claim 2. We have hpC,Γq ¤ ǫ.
Indeed, from (4.5) and (4.9) it follows that
coX1        coXnkj
nkj
F
ÝÑ C as j Ñ  8 (4.13)
coC 1
1
       coC 1nkj
nkj
F
ÝÑ Γ as j Ñ  8. (4.14)
Furthermore, by construction, the sequence tC 1nu
 8
n1 satisfies hpXn, C
1
nq ¤ ǫ for
every n P N. Hence
h

X1       Xnkj
nkj
,
C 11        C
1
nkj
nkj

¤
1
nkj
nkj
¸
i1
hpXi, C
1
iq   ǫ for every j P N
(4.15)
and thus, a fortiori,
h


coX1        coXnkj
nkj
,
coC 1
1
       coC 1nkj
nkj


  ǫ for every j P N.
Then by virtue of Proposition 3.4, in view of (4.13)-(4.15), it follows that hpC,Γq ¤
ǫ, and thus Claim 2 is proved.
With the help of Claims 1 and 2 we are now in a position to complete the proof
of pjjq. Since z P C and, by Claim 2, hpC,Γq ¤ ǫ, there exists y P Γ such that
}z  y}   2ǫ. (4.16)
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As y P Γ, then by (4.8) there is a j0 P N such that
d

y,
C 11        C
1
nkj
nkj

  ǫ for every j ¥ j0. (4.17)
Taking into account (4.16), (4.17) and (4.15), for every j ¥ j0 we have
d

z,
X1       Xnkj
nkj

¤ }z  y} 
 d

y,
C 11        C
1
nkj
nkj

  h

C 11        C
1
nkj
nkj
,
X1       Xnkj
nkj

  4ǫ,
a contradiction to (4.6), since ǫ   θ{8. Hence also pjjq is valid and the proof of
the theorem is complete.
Theorem 4.2. Let Z  CpEq be a nonempty compact set in the Pompeiu-Hausdorff
metric h of CpEq. Let tXnu
 8
n1  Z, and let C P CcpEq be a compact and convex
set. Then
coX1        coXn
n
F
ÝÑ C as nÑ  8 (4.18)
implies
X1       Xn
n
h
ÝÑ C as nÑ  8.
Proof. Let us associate to the compact set Z  CpEq the following subsets U and
coU of CcpEq defined as follows,
U  tY P CcpEq | Y  coX for some X P Zu
coU  tY P CcpEq | Y 
d¸
i1
λiYi, where Yi P U, λi P r0, 1s,
d¸
i1
λi  1, d P Nu
Since Z is compact and, for arbitrary A1, A2 P CpEq, hpcoA1, coA2q ¤ hpA1, A2q,
it follows that U is compact. Hence, by Proposition 3.6, the set Z0  clrcoUs (the
closure is taken in the h-metric) is a convex and compact set in CcpEq.
Let tXnu
 8
n1  Z be a sequence satisfying (4.18) with C P CcpEq compact and
convex. Hence, by Theorem 4.1,
X1       Xn
n
F
ÝÑ C as nÑ  8. (4.19)
Let ǫ ¡ 0 be arbitrary. From (4.19), for each u P C there exists nu P N such
that
X1       Xn
n
XBpu, ǫq  H for every n ¥ nu. (4.20)
As tBpu, ǫquuPC is an open covering of C it admits a finite subcovering, i.e., there
exist u1, . . . , ud P C such that
C 
d
¤
i1
B

ui,
ǫ
2
	
. (4.21)
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Set n1  maxtnu1 , . . . , nudu. Let n ¥ n
1 be arbitrary. By (4.20) (with ui in the
place of u) it follows that each ball Bpui, ǫ{2q, i  1, . . . , d, contains some points
of pX1       Xnq{n and thus, by (4.21),
C 
X1       Xn
n
  ǫB for every n ¥ n1. (4.22)
On the other hand for each n P N
co
X1       Xn
n

coX1        coXn
n
(4.23)
and thus, as each coXi, i  1, . . . , n, is in the convex set Z0, it follows that
copX1       Xn q{n P Z0 for every n P N. Moreover, Z0 and C are compact and
co
X1       Xn
n
F
ÝÑ C as nÑ  8,
by virtue of (4.23) and (4.18). Hence by Proposition 3.5,
co
X1       Xn
n
h
ÝÑ C as nÑ  8.
Consequently, there exists n2 P N such that
X1       Xn
n
 co
X1       Xn
n
 C   ǫB for every n ¥ n2. (4.24)
Combining (4.22) and (4.24) yields
h

X1       Xn
n
,C


  ǫ for every n ¥ n0,
where n0  maxtn
1, n2u. Hence pX1       Xn q{n
h
ÝÑ C as nÑ  8, completing
the proof.
5 Expectations of random sets in non separable
Banach spaces
In this section we define a notion of expectation EpF q for random sets F : ΩÑ CpEq
where the underlying Banach space E is not necessarily separable. A few properties
are reviewed and some proofs will be given since, in our non separable setting, the
Kuratowski-Ryll Nardzewski theorem is not valid. For convex valued random sets
F : Ω Ñ CcpEq the expectation is proven to be consistent with that obtained by
using the classic R˚adstr:om embedding.
In what follows pΩ,A , P q is a complete probability space without atoms. Fol-
lowing Hille and Phillips [11, pp. 71-73], a map G : Ω Ñ CpEq is said to be
countably-valued if it admits a representation of the form
Gpωq 
 8
¸
i0
AiχΩipωq ω P Ω
where tAiu
 8
i1  CpEq and tΩiu
 8
i1 is a measurable partition of Ω, i.e., tΩiu
 8
i1 is
a partition of Ω consisting of sets Ωi P A .
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Remark 5.1. It is worth noting that a countably valued map can have several
representations.
A map F : ΩÑ CpEq is said to be strongly measurable if there exists a sequence
tGnu
 8
n1 of countably-valued maps Gn : ΩÑ CpEq which converge to F uniformly
almost surely (a.s.) on Ω, i.e.,
lim
nÑ 8
h
8
pGn, F q  0 where h8pGn, F q  ess sup
ωPΩ
hpGnpωq, F pωqq.
It is evident that a countably-valued map is strongly measurable.
A single-valued map f : ΩÑ E is said to bemeasurable if there exists a sequence
of countably-valued maps gn : Ω Ñ E which converges uniformly a.s. on Ω to f ,
i.e.,
lim
nÑ 8
}gn  f}8  0 where }gn  f}8  ess sup
ωPΩ
}gnpωq  fpωq}.
A map F : ΩÑ CpEq is said to be weakly measurable if for every x P E the map
ω Ñ dpx, F pωqq is measurable.
The definition of a simple map G : ΩÑ CpEq is as in the single-valued case.
Remark 5.2. Let F : ΩÑ CpEq be a strongly measurable map. Then, we have:
pa1q F is weakly measurable; pa2q }F } is measurable, where }F } : Ω Ñ r0, 8q
is defined by }F }pωq  }F pωq}, ω P Ω; pa3q coF is strongly measurable, where
coF : ΩÑ CcpEq is defined by pcoF qpωq  coF pωq, ω P Ω. Moreover, F : ΩÑ CpEq
is strongly measurable if and only if there exists a sequence tGnu
 8
n1 of simple maps
Gn : ΩÑ CpEq converging to F a.s. on Ω.
The meaning of LppΩ,Eq, 1 ¤ p ¤  8, with the usual }}p-norm is the standard
one. In particular,
L1pΩ,Eq  tf : ΩÑ E | f is measurable and
»
Ω
}f}dP    8u
and thus each f P L1pΩ,Eq is integrable. Here and in what follows integrability
and measurability for a function f are understood in the sense of Bochner.
Now set
L1pΩ,CpEqq 
"
F : ΩÑ CpEq | F is s-measurable and
»
Ω
}F }dP    8
*
L1pΩ,CcpEqq 
"
F : ΩÑ CcpEq | F is s-measurable and
»
Ω
}F }dP    8
*
and, furthermore, let
Z1pΩ,CpEqq 
"
F : ΩÑ CpEq | F is count-valued and
»
Ω
}F }dP    8
*
Z1pΩ,CcpEqq 
"
F : ΩÑ CcpEq | F is count-valued and
»
Ω
}F }dP    8
*
.
In the above definitions s-measurable and count-valued stand for strongly measur-
able and countable-valued respectively. In what follows an element F P L1pΩ,CpEqq
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will also be called a random set.
For any F P L1pΩ,CpEqq we define
S1F  tf : ΩÑ E | f is a measurable selector of F u
V1F  tf : ΩÑ E | f is a countably-valued selector of F u .
Here by a measurable (resp. countably-valued) selection of F we mean a measurable
(resp. countably-valued) map f : Ω Ñ E satisfying fpωq P F pωq, ω P Ω. Clearly
S1F and V
1
F are (perhaps empty) subsets of L
1
pΩ,Eq. The meaning of L1pΩ,Wq
and Z1pΩ,Wq, where W is a nonempty subset of BpEq, is evident.
Remark 5.3. pa1q For each G P Z
1
pΩ,CpEqq the set V1G is nonempty; pa2q Let
G P Z1pΩ,CpEqq and g : Ω Ñ E be bounded countably-valued maps satisfying,
for some α ¡ 0, dpgpωq, Gpωqq   α a.s. on Ω. Then there exists a bounded
countably-valued map g˜ P V1G such that }g˜  g}8 ¤ α.
The following measurable selection theorem is a variant of the Kuratowski-Ryll
Nardzewski theorem [15, 14].
Theorem 5.1. For each F P L1pΩ,CpEqq the set S1F is nonempty.
Proof. Let F P L1pΩ,CpEqq. Suppose first that F is bounded. Let tGnu
 8
n1 
Z1pΩ,CpEqq be a sequence of countably-valued maps Gn : ΩÑ CpEq, given by
Gnpωq 
 8
¸
i1
Ani χΩni pωq ω P Ω (5.1)
where, for each fixed n P N, tAni u
 8
i1  CpEq and tΩ
n
i u
 8
i1 is a measurable partition
of Ω, such that Gn converges to F uniformly a.s. on Ω. Without loss of generality,
passing to a subsequence if necessary, with the same notation as before, we can
assume that
h
8
pGn, F q  
ǫn
2
for every n P N,
where ǫn  1{2
n. Hence,
h
8
pGn, Gn 1q   ǫn for every n P N.
Fix g1 P V
1
G1
. Since dpg1pωq, G2pωqq ¤ hpG1pωq, G2pωqq ¤ h8pG1, G2q   ǫ1 a.s.
on Ω, in view of Remark 5.3, pa1q, there exists g2 P V
1
G1
such that
}g2  g1}8 ¤ ǫ1.
Clearly g2 P L
8
pΩ,Eq, for g2 is bounded. Similarly, we have dpg2pωq, G3pωqq ¤
hpG2pωq, G3pωqq ¤ h8pG2, G3q   ǫ2 a.s. on Ω, and thus there exists g3 P V
1
G3
satisfying
}g3  g2}8 ¤ ǫ2,
and evidently g3 P L
8
pΩ,Eq. By this procedure one can construct a sequence
tgnu
 8
n1  L
8
pΩ,Eq with gn P V
1
Gn
such that
}gn 1  gn}8 ¤ ǫn for every n P N.
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Now tgnu
 8
n1 is a Cauchy sequence in L
8
pΩ,Eq and thus it converges to some
φ P L8pΩ,Eq. Since
dpφpωq, F pωqq ¤ }φpωq  gnpωq}   dpgnpωq, Gnpωqq   hpGnpωq, F pωqq a.s. on Ω
and, for nÑ  8, }φpωq  gnpωq}8 Ñ 0 and h8pGnpωq, F pωqq Ñ 0 as nÑ  8, it
follows that φ is a measurable selection of F and thus φ P S1F .
Now suppose that F is not bounded. For k P N let Ωk  tω P Ω | k  1 ¤
}F pωq}   ku and observe that tΩku
 8
k1 is a measurable partition of Ω. For k P N
define Fk : ΩÑ CpEq by Fkpωq  F pωq, ω P Ωk. As Fk is strongly measurable and
bounded on Ωk it admits a measurable selection, say fk : Ωk Ñ E. Then the map
f : ΩÑ E given by
fpωq 
 8
¸
i1
fkpωqχΩkpωq ω P Ω,
is a measurable selection of F . Therefore S1F  H, completing the proof.
Proposition 5.1. Let F P L1pΩ,CpEqq and r ¡ 0. Then, for each σ ¡ 0,
S1
F rB
 S1F   pr   σqS
1
B. (5.2)
Proof. By Theorem 5.1 the sets S1
F rB
and S1F are nonempty and, clearly, S
1
B  H.
Claim. Let σ ¡ 0. For every φ P S1
F rB
there exist f P S1F and γ P S
1
B such
that
φpωq  fpωq   pr   σqγpωq a.s. on Ω. (5.3)
Indeed, suppose that F and φ are bounded, and let φ P S1
F rB
be arbitrary. Thus
φpωq P F pωq   rB a.s. on Ω. (5.4)
Let φ0 : ΩÑ E be a countably-valued map satisfying
}φ0  φ}8  
σ
8
, (5.5)
and let tGnu
 8
n1  Z
1
pΩ,CpEqq be a sequence of countably-valued maps Gn : ΩÑ
CpEq, given by (5.1), converging to F uniformly a.s. on Ω. Passing to a subsequence
if necessary, we can assume without loss of generality that
h
8
pGn, F q  
ǫn
2
for every n P N, (5.6)
where ǫn  σ{2
n 2. Hence
h
8
pGn, Gn 1q   ǫn for every n P N. (5.7)
By virtue of (5.5), (5.4) and (5.6) (with n  1) we have
φ0pωq P φpωq  
σ
8
B  F pωq   rB  
σ
4
B  pF pωq   rB   ǫBq  
σ
4
B
 G1pωq  

r  
σ
4
  ǫ1
	
B  G1pωq  

r  
σ
2
	
B a.s. on Ω,
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and thus dpφ0pωq, G1pωqq   r  σ{2 a.s. on Ω. Then by virtue of Remark 5.3 pa2q,
there exists a g1 P V
1
G1
such that
}g1  φ0}8 ¤ r  
σ
2
B. (5.8)
Now, by (5.7) we have dpg1pωq, G2pωqq ¤ hpG1pωq, G2pωqq ¤ h8pG1, G2q   ǫ1 a.s.
on Ω, and thus there exists g2 P V
1
G2
such that }g2 g1}8 ¤ ǫ1. By this procedure
one can construct a sequence tgnu
 8
n1  L
8
pΩ,Eq, with gn P V
1
Gn
, satisfying
}gn 1  gn}8 ¤ ǫn for every n P N. (5.9)
Evidently, (5.9) implies that tgnu
 8
n1 is a Cauchy sequence in L
8
pΩ,Eq and thus,
for some f P L8pΩ,Eq, }gn  f}8 Ñ 0 as n Ñ  8. Moreover, by (5.6) we have
h
8
pGn, F q Ñ 0 as n Ñ  8. Since gnpωq P Gnpωq a.s. on Ω, it follows that
fpωq P F pωq a.s. on Ω, that is f is a measurable selection of F , and hence f P S1F .
On the other hand in view of (5.8) and (5.9),
}gn 1pωq  φ0pωq} ¤ }g1pωq  φ0pωq}  
n¸
k1
}gk 1pωq  gkpωq}
¤ r  
σ
2
 
n¸
k1
ǫk   r  
3
4
σ a.s. on Ω,
from which letting n Ñ  8 one has }f  φ0}8 ¤ r   3σ{4. The latter and (5.5)
imply
}φ f}
8
  r   σ. (5.10)
Now define γ : ΩÑ E by γpωq  pφpωqfpωqq{pr σq for ω P Ω a.s. Since γ P S1B,
by (5.10), f P S1F and, moreover,
φpωq  fpωq   pφpωq  fpωqq  fpωq   pr   σqγpωq a.s. on Ω,
it follows that (5.3) is valid, whenever F and φ are bounded. The general case,
when F and φ are not necessarily bounded, can be treated as in Theorem 5.1 and
thus the proof is omitted. Hence the Claim is proved. The statement (5.2) is an
immediate consequence of the Claim. This completes the proof.
Let us recall that the sum of a series
°
 8
i1 Ci, where Ci P CcpEq, is a set
C P CcpEq (if it exists) such that limnÑ 8 hp
°n
i1 Ci, Cq  0. Moreover, the sum
C exists and is unique if the series is absolutely convergent, i.e., if
°
 8
i1 }Ci}    8.
Definition 5.1. Let F P L1pΩ,CpEqq. The Aumann integral of F on Ω (see [3, 12])
is defined by
(A)
»
Ω
FdP 
"
»
Ω
fdP | f P S1F
*
.
Remark 5.4. The above definition is meaningful since S1F  H, by Theorem 5.1.
Moreover, the Aumann integral of F is a set C P CcpEq which, obviously, exists
and is unique.
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Let G P Z1pΩ,CcpEqq be a countably-valued map G : ΩÑ CcpEq with represen-
tation given by
Gpωq 
 8
¸
i1
AiχΩipωq ω P Ω,
where tAiu
 8
i1  CcpEq, and tΩiu
 8
i1 is a measurable partition of Ω. The Hukuhara
integral of G on Ω is defined by
(H)
»
Ω
GdP 
 8
¸
i1
AiP pΩiq.
Remark 5.5. Since the above series is absolutely convergent, it converges to a
set C P CcpEq, which exists and is unique. Moreover this set C is independent
of the representation of G and thus the Hukuhara integral of G P Z1pΩ,CcpEqq is
meaningful.
Definition 5.2. Let F P L1pΩ,CcpEqq and let tGnu
 8
n1  Z
1
pΩ,CcpEqq be a
sequence of countably-valued maps converging to F uniformly a.s. on Ω. The
Hukuhara integral of F on Ω [13] is defined by
(H)
»
Ω
FdP  lim
nÑ 8
(H)
»
Ω
GndP.
Remark 5.6. As in [11, p.79], it can be shown that the above limit exists and is
unique, actually it is a set C P CcpEq. Moreover this set C is independent of the
particular sequence tGnu
 8
n1  Z
1
pΩ,CcpEqq used in the definition. Therefore the
Hukuhara integral of F P L1pΩ,CcpEqq is meaningful.
It is worth noting that the Aumann and Hukuhara integrals are well defined
also when Ω is replaced by a set Ω1 P A .
Proposition 5.2. Let Ω1 P A . Then for each C P CcpEq,
pAq
»
Ω1
CdP  pHq
»
Ω1
CdP. (5.11)
Moreover for each C P CpEq,
pAq
»
Ω1
CdP  pHq
»
Ω1
pcoCqdP. (5.12)
Proof. Indeed for each σ P S1C ,
»
Ω1
σdP P CP pΩ1q  pHq
»
Ω1
CdP,
which implies that the set on the left hand side of (5.11) is contained in the set on
the right hand side. Moreover,
pHq
»
Ω1
CdP  CP pΩ1q 
"
»
Ω1
cdP | c P C
*
 pAq
»
Ω1
CdP,
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and thus (5.11) holds.
Now consider (5.12). Clearly by virtue of (5.11)
pAq
»
Ω1
CdP  pAq
»
Ω1
pcoCqdP  pHq
»
Ω1
pcoCqdP.
To prove the reverse inclusion, let ǫ ¡ 0 and consider an arbitrary point ξ¯ P
pcoCqP pΩ1q. Take a ξ P pcoCqP pΩ1q such that }ξ  ξ¯}   ǫ. Clearly, for some
ci P C and λi ¡ 0, i  1, . . . , n, with λ1        λn  1, we have ξ  P pΩ
1
qpλ1c1  
     λncnq. Now pΩ,A , P q is a complete probability space without atoms, and
thus by Liapunoff convexity theorem [7] there exists a measurable partition of Ω1,
say tΩiu
n
i1, such that P pΩiq  λiP pΩ
1
q, i  1, . . . , n. Define σ : Ω1 Ñ E by
σpωq  c1χΩ1pωq        cnχΩnpωq, for ω P Ω
1. Clearly σ P S1C . Moreover
ξ 
n¸
i1
λiciP pΩ
1
q 
n¸
i1
ciP pΩiq 
n¸
i1
»
Ω1
ciχΩidP 
»
Ω1
σdP P pAq
»
Ω1
CdP,
and hence, as ξ¯ P ξ   ǫB,
ξ¯ P pAq
»
Ω1
CdP   ǫB.
Since ξ¯ P pcoCqP pΩ1q and ǫ ¡ 0 are arbitrary, it follows that
pHq
»
Ω1
pcoCqdP  pAq
»
Ω1
CdP,
and thus (5.12) is valid. This completes the proof.
By virtue of Proposition 5.2 we have
Proposition 5.3. Let G1 P Z
1
pΩ,CcpEqq, G2 P Z
1
pΩ,CpEqq and let Ω1 P A . Then,
pAq
»
Ω1
G1dP  pHq
»
Ω1
G1dP pAq
»
Ω1
G2dP  pHq
»
Ω1
pcoG2qdP.
Proposition 5.4. Let F P L1pΩ,CcpEqq and let Ω
1
P A . Then,
pAq
»
Ω1
FdP  pHq
»
Ω1
FdP. (5.13)
Proof. Suppose first that F P L1pΩ,CcpEqq is bounded. Let ǫ ¡ 0 and let ξ¯ be
an arbitrary point in the Aumann integral of F . Then for some f P S1F , setting
ξ 
³
Ω1
fdP , we have
}ξ¯  ξ}   ǫ. (5.14)
Let tφnu
 8
n1 and tGnu
 8
n1 be sequences of countably-valued maps converging, re-
spectively, to f and F , uniformly a.s. on Ω. Without loss of generality we can
assume that for each n P N, φn and Gn have representations given by
φnpωq 
 8
¸
i1
ani χΩni pωq Gnpωq 
 8
¸
i1
Ani χΩni pωq, ω P Ω
1,
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where tani u
 8
i1  E, tA
n
i u
 8
i1  CcpEq, tΩ
n
i u
 8
i1 is a measurable partition of Ω
1 and,
moreover,
}φn  f}8  
1
n
h
8
pGn, F q  
1
n
, n P N. (5.15)
Now, for each n P N,
φnpωq P fpωq   }φn  f}8B  F pωq  
1
n
B  Gnpωq  
2
n
B a.s. on Ω1
and thus, denoting by G˜n : Ω
1
Ñ CcpEq a map with representation given by
G˜npωq 
 8
¸
i1
A˜ni χΩni pωq, ω P Ω
1
where A˜ni  A
n
i  B{n , it follows that φnpωq P G˜npωq a.s. on Ω
1. Consequently
»
Ω1
φndP P pHq
»
Ω1
G˜ndP. (5.16)
Evidently tG˜nu
 8
n1  L
1
pΩ1,CcpEqq is a sequence of countably-valued maps G˜n :
Ω1 Ñ CcpEq converging to F uniformly a.s. on Ω
1. Then letting n Ñ  8, from
(5.16) in view of Remark 5.6 one has
ξ 
»
Ω1
fdP P pHq
»
Ω1
FdP.
Since ξ˜ is an arbitrary point in the Aumann integral of F , from the latter and
(5.14) it follows that
pAq
»
Ω1
FdP  pHq
»
Ω1
FdP   ǫB. (5.17)
Let us prove the reverse inclusion, obtained by interchanging the roles of the
Aumann and Hukuhara integrals. To this end, fix n0 P N so that n0 ¡ 4{ǫ. Then
for every n ¥ n0 by virtue of Proposition 5.3 and (5.15) we have
pHq
»
Ω1
Gn dP  pAq
»
Ω1
GndP  pAq
»
Ω1

F  
1
n
B


dP
 pAq
»
Ω1

F  
ǫ
4
B


dP  pAq
»
Ω1
F dP  
3ǫ
4
B, (5.18)
where the last inclusion holds because, by Proposition 5.1 (with r, σ and Ω replaced
by ǫ{r, ǫ{4 and Ω1 respectively),
S1
F  ǫ
4
B
 S1F  
3ǫ
4
S1B.
From (5.18) letting nÑ  8 one has
pHq
»
Ω1
F dP  pAq
»
Ω1
F dP   ǫB.
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Since the Aumann and the Hukuhara integrals are closed sets and ǫ ¡ 0 is arbitrary,
from the latter and (5.17) it follows that (5.13) is valid. Thus the statement is
proved, whenever F P L1pΩ,CcpEqq is bounded.
Suppose that F P L1pΩ,CcpEqq is not bounded. For n P N set Ωn  tω P
Ω1 | }F pωq} ¡ nu and define
Fnpωq 
#
F pωq if ω P Ω1zΩn,
n if ω P Ωn.
Given ǫ ¡ 0 fix n P N so that
»
Ωn
}F }dP   ǫ (5.19)
By virtue of (5.19) the Aumann and the Hukuhara integrals of Fn on Ωn are
contained in the ball ǫB, hence
h

pAq
»
Ω1
FdP, (A)
»
Ω1zΩn
FndP

  ǫ
h

pHq
»
Ω1
FdP, (H)
»
Ω1zΩn
FndP

  ǫ.
Since Fn is bounded on Ω
1
zΩn, the Aumann and the Hukuhara integrals of Fn on
Ω1zΩn are equal. Consequently as ǫ ¡ 0 is arbitrary, (5.13) is valid also when F is
not bounded. This completes the proof.
Proposition 5.5. For each F P L1pΩ,CpEqq
(A)
»
Ω
FdP  (H)
»
Ω
pcoF qdP. (5.20)
Proof. By virtue of Proposition 5.4,
(A)
»
Ω
FdP  (A)
»
Ω
pcoF qdP  (H)
»
Ω
pcoF qdP. (5.21)
To prove the reverse inclusion, let tGnu
 8
n1  Z
1
pΩ,CpEqq be a sequence of countably-
valued maps Gn : Ω Ñ CpEq converging to F uniformly a.s. on Ω. Suppose that
each Gn has a representation given by
Gnpωq 
 8
¸
i1
Ani χΩni pωq, ω P Ω,
where tAni u
 8
i1  CpEq, tΩ
n
i u
 8
i1 is a measurable partition of Ω. Given ǫ ¡ 0 take
n0 P N so that
h
8
pGn, F q   ǫ, h8pcoGn, coF q   ǫ for all n ¥ n0, (5.22)
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the second inequality being a consequence of the first one. We have
(H)
»
Ω
pcoF qdP  (H)
»
Ω
pcoGn   ǫBqdP by (5.22)
 (H)
»
Ω
coGndP   2ǫB (5.23)
 (A)
»
Ω
GndP   2ǫB by Proposition 5.3
 (A)
»
Ω
pF   ǫBqdP   2ǫB by (5.22)
 (A)
»
Ω
F dP   4ǫB,
where the latter inclusion holds by Proposition 5.1 (with r  ǫ and σ  ǫ{2). Com-
bining (5.21) and (5.23), as ǫ ¡ 0 is arbitrary, one obtains (5.20). This completes
the proof.
Definition 5.3. The expectation EpF q of a random set F P L1pΩ,CpEqq is defined
by
EpF q  (A)
»
Ω
FdP.
As an immediate consequence of the above definition and Proposition 5.5 we
have the following:
Proposition 5.6. For each random set F P L1pΩ,CpEqq
EpF q  (H)
»
Ω
pcoF qdP.
6 Strong laws of large numbers
In this section we present two versions of the strong law of large numbers for
random sets with values in CcpEq or in CpEq, where E is an arbitrary not necessarily
separable Banach space. Since in our approach we use a R˚adstr:om embedding
technique we start by reviewing some of its properties (see [21, 3]).
In what follows the space CcpEq is equipped with the operations of addition
X
.
 Y andmultiplication λX by non negative scalars defined, for everyX,Y P CcpEq
and λ ¥ 0 as follows
X
.
  Y  tx  y | x P X, y P Y u, λX  tλx | x P Xu.
Clearly X
.
  Y and λX are in CcpEq.
The following Propositions 6.1-6.3 can be proved as in [10, 21].
Proposition 6.1. For arbitrary X,Y, Z P CcpEq and λ, µ ¥ 0 we have: pa1q
X
.
 t0u  X; pa2q X
.
 Y  Y
.
 X; pa3q X
.
 pY
.
 Zq  pX
.
 Y q
.
 Z; pa4q 1X  X;
pa5q λpµXq  pλµqX; pa6q λpX
.
  Y q  λX
.
  λY ; pa7q pλ  µqX  λX
.
  µY .
Moreover the operations of addition and multiplication by non negative scalars are
continuous in the topology generated by the Pompeiu-Hausdorff metric h of CcpEq.
Proposition 6.2. Let A,C,Z be non empty subsets of E and suppose that C is
convex and Z is bounded. Then
A  Z  C   Z ñ A  C.
Proposition 6.3. piq For X,Y, Z P CcpEq
X
.
  Z  Y
.
  Z ðñ X  Y.
piiq For X,Y, Z P CcpEq and λ ¥ 0
hpX
.
  Z, Y
.
  Zq  hpX,Y q hpλX, λY q  λhpX,Y q.
By virtue of Propositions 6.1-6.3, adapting some arguments from [3, 10, 20, 21]
one can establish the following
Proposition 6.4 (R˚adstr:om embedding). There exists a Banach space pF, }  }q
and a map J : CcpEq Ñ V, where V  JpCcpEqq  F such that:
piq JpλX
.
  µY q  λJpXq   µJpY q for every X,Y P CcpEq and λ, µ ¥ 0;
piiq }JpXq  JpY q}  hpX,Y q for every X,Y P CcpEq;
piiiq V is a convex cone in F, complete under the metric induced by the norm of
F.
It is worth noting that, since CcpEq is a complete metric space under the
Pompeiu-Hausdorff metric h, then any nonempty closed subset of CcpEq is a com-
plete metric space under the induced metric.
A nonempty set W  CcpEq is called a semilinear complete metric space if:
pa1q W is closed in CcpEq; pa2q W is stable under the operations of addition and
multiplication by nonnegative scalars, i.e., for every X,Y P W and λ ¥ 0 we have
X
.
  Y PW and λX PW.
It is evident that the space CcpEq itself is a semilinear complete metric space.
Retaining the above notations we now prove a useful variant of Proposition 6.4.
Proposition 6.5. Let W  CcpEq be a semilinear complete and separable metric
space. Let J˜ be the restriction of J to W. Then there exists a separable Banach
space pF˜, }  }q such that the map J˜ : W Ñ W, where W  J˜pWq  F˜ has the
following properties:
piq J˜pλX
.
  µY q  λJ˜pXq   µJ˜pY q for every X,Y PW and λ, µ ¥ 0;
piiq }J˜pXq  J˜pY q}  hpX,Y q for every X,Y PW;
piiiq W is a convex cone in F˜, complete under the metric induced by the norm of
F˜.
Proof. Set F˜  spanW, where spanW denotes the linear span of W, and observe
that F˜  F, since W  F by Proposition 6.4. Moreover F˜ is separable, because the
separability of W implies that W as well as its linear span are separable. Therefore
F˜, as a closed and separable linear subspace of F, is actually a separable Banach
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space uneder the induced norm of F. It remains to verify piq  piiiq.
piq Let X,Y P W and λ, µ ¥ 0. Since λX
.
  µY P W, then by Proposition 6.4 one
has
J˜pλX
.
  µY q  JpλX
.
  λY q  λJpXq   µJpY q  λJ˜pXq   µJ˜pY q.
piiq This is obvious, since for X,Y PW,
}J˜pXq  J˜pY q}  }JpXq  JpY q}  hpX,Y q.
piiiq The set W  F˜ is a convex cone. In fact let s, t ¥ 0 and ξ, η PW be arbitrary.
Then ξ  JpXq, η  JpY q for some X,Y PW and thus
sξ   tη  sJpXq   tJpY q  JpsX
.
  tY q  J˜psX
.
  tY q,
since sX
.
  tY PW. Hence sξ  tη PW, and so W is a convex cone. Moreover W is
closed in F˜. To see this, consider an arbitrary sequence tξnu
 8
n1  W converging
to some ξ P F˜. For each n P N there exists Xn P W such that J˜pXnq  ξn. By
virtue of piiq the sequence tXnu
 8
n1 W is Cauchy and thus, as W is complete, it
converges to some X PW. Set ξ˜  J˜pXq. Since by piiq
}ξn  ξ˜}  }J˜pXnq  J˜pXq}  hpXn, Xq,
it follows that tξnu
 8
n1 converges to ξ˜ as nÑ  8. By the uniqueness of the limit
one has ξ  ξ˜, i.e., ξ  J˜pXq. Hence ξ P W and thus W is closed in F˜. This
completes the proof.
Proposition 6.6. Let W be a semilinear complete and separable metric space and,
retaining the notation of Proposition 6.5, let W  J˜pWq. Let F P L1pΩ,Wq. Then
the map ξ : Ω Ñ W given by ξpωq  J˜pF pωqq, ω P Ω, is Bochner integrable on Ω,
i.e., ξ P L1pΩ, F˜q. Moreover,
J˜

(H)
»
Ω
FdP



»
Ω
ξdP, (6.1)
where the integral on the right-hand side is an element of W.
Proof. As F P L1pΩ,Wq, there is a sequence tGnu
 8
n1  Z
1
pΩ,Wq of countably-
valued maps Gn : Ω Ñ W converging to F uniformly a.s. in Ω. Consider the
corresponding sequence tξnu
 8
n1, where ξn : ΩÑ F˜ is given by ξnpωq  J˜pGnpωqq,
ω P Ω. Clearly tξnu
 8
n1  L
1
pΩ, F˜q, since each ξn is countably-valued and, for
some k ¡ 0, }ξnpωq} ¤ }F pωq}   k, a.s. on ω P Ω. Moreover the sequence
tξnu
 8
n1  L
1
pΩ, F˜q converges to ξ uniformly a.s. in Ω, because by Proposition 6.5
}ξnpωq  ξpωq}  }J˜pGnpωqq  J˜pF pωqq}  hpGnpωq, F pωqq ω P Ω,
and hence ξ is measurable. Moreover }ξpωq} ¤ }F pωq}   k a.s. on Ω and thus
ξ P L1pΩ, F˜q. Furthermore, by Proposition 6.5, for each n P N one has
J˜

(H)
»
Ω
GndP



»
Ω
ξndP,
from which (6.1) follows at once by letting nÑ  8. Moreover the integral on the
right-hand side of (6.1) is an element of W, because each ξn takes values in W, and
W is a convex and closed cone contained in F˜. This completes the proof.
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It is worth noting that, by Proposition 5.6, the expectation EpF q of any random
set F P L1pΩ,CpEqq is a nonempty bounded closed and convex subset of E, i.e.,
EpF q  C where C P CcpEq.
Theorem 6.1. Let U be a nonempty separable subset of CpEq, equipped with the
induced Pompeiu-Hausdorff metric h of CpEq. Let tXnu
 8
n1 be a sequence of inde-
pendent identically distributed (i.i.d.) random sets Xn : Ω Ñ U with expectation
EpXnq  C, n P N, where C P CcpEq. Then
coX1pωq        coXnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω.
Proof. Set V  tZ P CcpEq | Z  coX where X P Uu and define
W0  tZ P CcpEq | Z  λ1X1
.
  . . .
.
  λnXn
for some Xi P V, λi ¥ 0, i  1, . . . , n, n P Nu,
and
W  clCcpEqrW0s.
The set V is separable. To see this let tXnu
 8
n1  U be a sequence dense in
U. Then the sequence tcoXnu
 8
n1  V is dense in V. In fact, given ǫ ¡ 0 and
Z P V, i.e., Z  coX for some X P U, then taking a Xn so that hpXn, Xq   ǫ
one has hpcoXn, coXq   ǫ. Clearly, the separability of V implies that both W0
and W are separable. As CcpEq is complete, and W is closed in CcpEq it follows
that W equipped with the Pompeiu-Hausdorff metric h is a complete metric space.
In addition W is stable under the operations of addition and multiplication by
nonnegative scalars because W0 is so. Hence, W  CcpEq is a semilinear complete
and separable metric space. Then, by virtue of Proposition 6.5, there exists a
separable Banach space F˜ such that, denoting by J˜ the restriction of J to W and
setting W  J˜pWq, the properties of Proposition 6.5 are satisfied.
Now consider the sequence of random sets coXn : Ω Ñ W. In view of [22],
tcoXnu
 8
n1 is a sequence of i.i.d. random sets because tXnu
 8
n1 is so and, moreover,
the map co : CpEq Ñ CcpEq is nonexpansive. For each n P N let ξn : Ω Ñ W be
given by
ξnpωq  J˜pcoXnpωqq ω P Ω.
As the map J˜ : W Ñ W is nonexpansive, it follows that tξnu
 8
n1 is a sequence
of i.i.d. random variables and, moreover, each ξn takes values in F˜, a separable
Banach space. Furthermore for each n P N,
Epξnq 
»
Ω
ξndP 
»
Ω
J˜pcoXnqdP  J˜

(H)
»
Ω
pcoXnqdP


 J˜pEpXnqq  J˜pCq,
since the Hukuhara integral equals EpXnq by Proposition 5.6, and EpXnq  C,
n P N, by hypothesis. By virtue of the SLLN theorem for random variables in a
separable Banach spaces (see [18]) it follows that
ξ1pωq        ξnpωq
n
Ñ J˜pCq as nÑ  8, a.s. on Ω.
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Consequently, by virtue of Proposition 6.5,
coX1pωq        coXnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω.
This completes the proof.
Theorem 6.2. Let U be a nonempty separable subset of CpEq equipped with the
induced Pompeiu-Hausdorff metric h of CpEq. Let tXnu
 8
n1 be a sequence of i.i.d.
random sets Xn : Ω Ñ U with expectation EpXnq  C, n P N, where C P CcpEq.
Furthermore suppose that
tXnpωqu
 8
n1  Zpωq a.s. on Ω, (6.2)
where, for ω P Ω a.s., Zpωq is a nonempty compact subset of U. Then
X1pωq       Xnpωq
n
F
ÝÑ C as nÑ  8, a.s. on Ω.
If, in addition, C P CcpEq is compact, then
X1pωq       Xnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω.
Proof. By virtue of Theorem 6.1
coX1pωq        coXnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω.
and thus, a fortiori,
coX1pωq        coXnpωq
n
F
ÝÑ C as nÑ  8, a.s. on Ω.
From the latter and (6.2), by Theorem 4.1, it follows that
X1pωq       Xnpωq
n
F
ÝÑ C as nÑ  8, a.s. on Ω. (6.3)
If C P CcpEq is also compact, then from (6.3), in view of Theorem 4.2, one has
X1pωq       Xnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω.
This completes the proof.
Corollary 6.1. Let tXnu
 8
n1 be a sequence of i.i.d. random sets Xn : Ω Ñ Z,
where Z is a compact subset of CpEq, with expectations EpXnq  C, n P N, where
C P CcpEq. Then
coX1pωq        coXnpωq
n
h
ÝÑ C as nÑ  8, a.s. on Ω
and
X1pωq       Xnpωq
n
F
ÝÑ C as nÑ  8, a.s. on Ω.
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Proof. The statement follows from Theorems 6.1 and 6.2, since Z is a separable
subset of CpEq.
Remark 6.1. It is worth noting that in Theorems 6.1 and 6.2 the separability
assumption on U and the compactness assumption on Zpωq do not imply that the
corresponding sets U  E and V  E given by
U 
¤
tX | X P Uu, V 
¤
tXnpωq | n P Nu
be respectively separable, compact. To see this it suffices to consider the trivial
examples U  tB¯u and Xnpωq  B¯, for ω P Ω, n P N, where B¯ denotes the closed
unit ball in an infinite dimensional non-separable Banach space.
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